In this paper, we investigate geometric properties of some curvature tensors of a four-dimensional Walker manifold. Some characterization theorems are also obtained.
Introduction
A Walker n-manifold is a pseudo-Riemannian manifold, which admits a field of parallel null r-planes, with r ≤ n 2 . The canonical forms of the metrics were investigated by A. G. Walker [10] . Of special interest are the even-dimensional Walker manifolds (n = 2m) with fields of parallel null planes of half dimension (r = m).
It is known that Walker metrics have served as a powerful tool of constructing interesting indefinite metrics which exhibit various aspects of geometric properties not given by any positive definite metrics. Among these, the significant Walker manifolds are examples of the non-symmetric and non-homogeneous Osserman manifolds [2, 3] . Recently, it was shown [4, 6, 7] that the Walker 4-manifolds of neutral signature admit a pair comprising an almost complex structure and an opposite almost complex structure, and that Petean's nonflat indefinite Kahler-Einstein metric on a torus was obtained as an example of a Walker 4-manifold. Moreover, Banyaga and Massamba derived in [1] a Walker metric when studying the non-existence of certain Einstein metrics on some symplectic manifolds.
Our purpose is to study restricted 4-Walker metrics by focusing on their curvature properties. The main results of this paper are the characterization of Walker metrics which are Einstein, locally symmetric Einstein and locally conformally flat. The paper is organized as follows. In section 2, we recall some basic facts about Walker metrics by explicitly writing its Levi-Civita connection and the curvature tensor. Walker metrics which are Einstein are investigated in section 3 (Theorem 1). In section 4, we study the Walker metrics which are locally symmetric Einstein (Theorem 2). Finally, we discuss in section 5, the conformally locally flat property of Walker metric (Theorem 3).
The canonical form of a Walker metric
Let M be a pseudo-Riemannian manifold of signature (n, n). We suppose given a splitting of the tangent bundle in the A neutral g on an 4-manifold M is said to be a Walker metric if there exists a 2-dimensional null distribution D on M which is parallel with respect to g. From Walker theorem [10] , there is a system of coordinates (u 1 , u 2 , u 3 , u 4 ) with respect to which g takes the local canonical form
where I 2 is the 2 × 2 identity matrix and B is a symmetric 2 × 2 matrix whose the coefficients are the functions of the
Note that g is of neutral signature (+ + −−) and that the parallel null 2-plane D is spanned locally by
Let 
for any function h(u 1 , · · · , u 4 ). In [3] , Einsteinian, Osserman or locally conformally flat Walker manifolds were investigated in the restricted form of metrics when c(u 1 , u 2 , u 3 , u 4 ) = 0. In this paper, following [3] , we consider the specific Walker metrics on a 4-dimensional manifold with
and investigate conditions for a Walker metric (1) to be Einsteinian, locally symmetric Einstein and locally conformally flat.
A straightforward calculation show that the Levi-Civita connection of a Walker metric (1) is given by
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From relations above, after a long but straightforward calculation we get that the nonzero components of the (0, 4)-curvature tensor of any Walker metric (1) are determined by
Next, let ρ(X,Y ) = trace{Z −→ R(X, Z)Y } and Sc = tr(ρ), be the Ricci tensor and the scalarcurvature respectively. Then from (2) we have
and
The nonzero components of the Einstein tensor G i j = ρ i j − 
Einstein Walker metrics
A Walker metric is said to be Einstein Walker metric if its Ricci tensor is a scalar multiple of the metric at each point i.e., there is a constant λ so that ρ = λ g. We have the following result. 
Theorem 1. Let (M, g) be a pseudo-Riemannian manifold of dimension 4, where g is the metric given by (1). Then the following holds:
Proof. It follows that the Walker metric (1) is Einstein if and only if the defining functions a, b and c are solutions of the following PDES:
This system of partial differential equations (6) is hard to solve, for this reason we consider the special case in this section. The four first statements are easy to obtain. We only prove the fifth statements. The Einstein condition is equivalent to the following:
(i) a 1;2 = 0 and
We divide the proof of the proposition into two steps.
Step 1. The PDE system (i) imply that a and b take the following forms:
Substituting these functions a and b from (7) in the equation (ii), we get
Therefore we have the following:ā
where K is a constant. Thenā (respectivelyb) is a quadratic function of u 1 (respectively u 2 ). Therefore we have the following a = Ku
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Step 2. The functions a and b in (8) satisfy the (i) and (ii) PDEs in the Einstein conditions. We must consider further conditions for a and b to satisfy the (iii) and (iv) PDE in the Einstein condition.
(i) From the (iii) PDE's in the Einstein condition, we get the following condition:
(ii) From (iv), the two equations a 1 b 1 + ab 1;1 = 0 and a 2 b 2 + ba 2;2 = 0 gives
which complete the proof.
In [8] , the authors apply the Lie symmetry group method to determine the Lie point symmetry group and provide example of solution of the system of partial differential equations (6). Note that four-dimensional Einstein Walker manifolds form underling structures of many geometric and physical models such as: hh-space in general relativity, pp-wave models and others areas.
Locally symmetric Einstein-Walker metrics
A pseudo-Riemannian manifold is locally symmetric if its curvature tensor R is parallel, that is ∇R = 0, where ∇ is the Levi-Civita connection on pseudo-Riemannian extended to act on tensors as a derivation and R is the corresponding curvature tensor. This class of manifolds contains one of manifolds of constant curvature.
Let us consider the Einstein-Walker metric given by
where K, A and C are constants and B, D are smooth functions satisfying the following PDE's:
By a straightforward calculation, we can see that the condition for the Einstein-Walker metric (9) to be locally symmetric is equivalent to the following PDEs   a 1 a 2 b 2 = 0, a 1 b 1 b 2 = 0, a 1 a 2 The PDEs (13) imply that the functions a, b and c take the form
